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There’s a common tendency for students to struggle with big oh notation. It took me a while
to get it, and I only started seeing it at the end of my honours year. So I’m writing this for
those poor sods who, like me some years ago, need help with the notation.

Let’s define the damn thing first.

Let f(x) and g(x) be two functions on the real numbers. We further ask that g(x) be
positive everywhere from some point onwards. Then we write

f(x) = O(g(x))

to mean that there exists a constant A > 0 such that

|f(x)| ≤ Ag(x)

from some point onwards.

Example 1: Consider the two functions

f(x) = sinx g(x) = x.

We can see that g(x) is positive for x > 0, which fits in with our set up above. Let’s look at
the graph of these two functions:
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We can see that from some point onwards (x > 0), the absolute value of sin x is bounded by
x, that is:

| sin(x)| ≤ x

So we have the scenario from the definition with the constant A = 1. From this, we can say

sinx = O(x).

It might help to think of this as “x is a more dominant term than sinx”. Indeed, as x→∞,
we know that x keeps growing while sin x is bounded.

Example 2: We have that

17x = O(x)

This is true, because all it means is that there exists some constant A such that

|17x| < Ax

from some point onwards. Indeed,taking x > 0 and A = 18 will work just fine!

Example 3: We have that

100x4 = O(ex)

This is true as ex grows incredibly quickly, and will definitely overtake 100x4 at some point.

Example 4: Consider the function

f(x) = 1 +
1

x
+

1

x2

As x gets large, the two rightmost terms get quite small. We know that

1

x
= O

(1

x

)
as this is true for any function. Notice that this 1/x terms is more dominant than the 1/x2

term which goes to zero much more rapidly. So we can write:

f(x) = 1 + O
(1

x

)
+ O

(1

x

)
This can be further simplified to
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f(x) = 1 + O
(1

x

)
.

Now look from the original function to this. We are saying that f(x) is pretty much the
number 1 with an error that gets smaller as x goes to infinity. You could say that f(x) and 1
are never distanced by more than some fixed constant times 1/x.

Example 5: It’s also possible to use big oh notation on a finite interval. Let’s have a look
at how this might be useful. Suppose we are asked to calculate the limit

lim
x→a

sinx− sin a

x− a

Sure, there are many ways to do this. Notice that as x→ a we obtain the intermediate form
0/0. Indeed, we could use L’hopital’s rule if we wanted to.

Another method is to find the Taylor series for sinx at the point x = a. Doing this we get:

sinx = sin(a) + (x− a) cos(a)− (x− a)2

2
sin(a)− (x− a)3

6
cos(a) +

(x− a)4

24
sin(a) + · · ·

As we wish to take the limit as x → a, the distance between x and a will be small, and so
terms of the form (x − a)n will be small too. Thus we can see that the terms of the Taylor
series get smaller rapidly enough so that

sinx = sin a + (x− a) cos(a) + O((x− a)2)

Take some time to get your head around this because it’s not immediately obvious. It does
help our cause though. Substituting it into the limit gives

lim
x→a

sinx− sin a

x− a
= lim

x→a

sin a + (x− a) cos(a) + O((x− a)2)− sin a

x− a

= lim
x→a

(x− a) cos(a) + O((x− a)2)

x− a

= lim
x→a

(x− a) cos(a)

x− a
+

O((x− a)2)

x− a

= lim
x→a

cos(a) + O(x− a)

= cos a
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Exercises

1. Which of the following are true as x→∞?

x + 7 = O(x)

5x− 3 = O(x)

log x = O(x)

√
x = O(log x)

cos(x) = O(sinx)

x2 = O(x)

2. Which of the following are true as x→ 0?

x2 = O(x)

x = O(x2)

log x = O(1/x)

ex = 1 + x +
x2

2
+ O(x3)

sinx = x + O(x3)

3. Prove that as x→ a we have:

ex = ea + (x− a)ea + O((x− a)2)

sinx = sin a + (x− a) cos(a) + O((x− a)2)
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Some Solutions

1. Which of the following are true as x→∞?

True, True, True, False, False, False.

2. Which of the following are true as x→ 0?

True, False, True, True, True.
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